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ABSTRACT 
The subclass of real symmetric Loewner matrices with fixed (interpolation) nodes 
and row sums zero is studied. It is shown that it forms a commutative semigroup with 
respect to multiplication and contains with each element its Moore-Penrose inverse as 
well. 
1. INTRODUCTION 
Let us recall that symmetric Loewner 
form L = (Zi,), i, k = 1,. . . , n, where 
ci - c/( 
lik = - 
Yi - Yk ’ 
yi, . . , y, being distinct numbers, 
matrices [3] are matrices of the 
i+k, (1) 
Zii arbitrary. (I’) 
In the whole paper, all numbers are considered real. Given the distinct 
numbers yt,. . . , y,, we denote by 1(y) the set of all symmetric Loewner 
matrices of the form (l), (1’). Clearly, _5’( y> is a real linear subspace of the 
space of all real symmetric matrices; its dimension is 2n - 1 [n diagonal 
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entries and the n numbers ci,. . . , c, just the differences of which occur in 
the formula (l)]. 
The motivation of the present paper lies in the paper [3] of the second 
author, who observed (Section 5 of [3]) that if one multiplies such a 
symmetric Loewner matrix L compatible with a polynomial F(x) (cf. [3]) by 
an appropriate diagonal matrix D,, then these products Li D, commute and 
the nonsingular products form an Abelian group. In the case that F(x) is the 
derivative of the polynomial lJ,?= ,(x - yi), the matrix D, is the identity 
matrix. The condition of compatibility means then that the row sums of the 
matrix L E ._./(y) are all equal to zero. In the present paper, we shall 
completely describe the corresponding subclass of -Y(y) independently of 
the results in [3]. 
The results of this paper are related to those of F. Calogero, e.g. in his 
paper ill. 
2. RESULTS 
We introduce the following subclass 2(y) of J(y): 
LE_2(y) iff LEl(y) & Le=O, 
e = (l,...,l)? 
THEOREM 2.1. _&y) forms a linear subspace of the set of real symmet- 
tic matrices. Its dimension is n - 1. 
Proof. Easy. 
We shall now define the matrix M as follows: 
n 
DEFINITION. Let p,, . . . , p,_, be (necessarily real and distinct) roots of 
the polynomial f ‘(xl, w h ere f(x) = nr= ,(x - yi). In fact, we can assume 
that yi < yZ < . * * < y, and p, < p, < - * * < p,_ 1; as is well known, 
Yi < Pi < Yi+l> i=l ,...,n -1. 
Then M is the n X (n - 1) matrix 
(2) 
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Clearly, the column sums of M are equal to zero: 
eTM = 0, (3) 
where 
eT=(l,...,l). 
THEOREM 2.2. A necessary and sufficient condition for a real n X n 
matrix L to belong to _.& y 1 is: L has the form 
L=MDMT (4) 
for some real diagonal matrix D and the matrix M defined in (2). 
Proof. Since the matrices of the form (4) constitute a real linear space of 
symmetric matrices of dimension n - 1, it suffkes to show that each matrix L 
of the form (4) is in -.5’(y). By (31, the column sums as well as row sums of L 
are equal to zero. If i z j, the off-diagonal entry lij of L is 
n-1 
lij= c d,LL 
k=l Yi - pk Yj - pk 
Ci - Cj 
=- 
Yi - Yj ’ 
where ci is defined by 
n-l dk 
ci=- c - 
k=l Yi-Pk’ 
i=l,...,n. 
n 
LEMMA 2.3. The columns of the matrix M from (2) are orthogonal, i.e., 
the matrix 
MTM=A (5) 
is diagonal. In addition, all diagonal entries of A are positive. 
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Proof. Let j, k be distinct indices less than n. The inner product of the 
jth and the k th column of M is 
which is 
1 
Pk - Pj 
By (3), it is zero. The diagonal entries of A are I&l/( yi - pj)‘, i.e. positive. 
W 
THEOREM 2.4. Any two matrices from _z?( y> commute. For every matrix 
in _.&y), the Moore-Penrose generalized inverse is in _z?( y) as well. The 
matrix I - (l/n)J, where J is the n x n matrix of all ones, also belongs to 
.-&y) and is the uniyue idempotent matrix in _&y) with maximum rank 
(namely n - 1). Its corresponding matrix D in (4) is A-‘. 
Proof. Let I,,, L, belong to 2(y), so that 
Li = MD,M’, i = 1,2, 
Di diagonal. Then, by (4), 
L,L, = MD,MTMD,MT = MD,AD,M’ 
= MD,AD,MT= L,L,. 
The matrix Z -(l/n)J E _.&y), since its row 
form (1) for ci = -(l/n)yi, i = 1,. . . ,n. Thus 
sums are zero, and has the 
I- A5 = MD,M* 
n 
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for some diagonal matrix II,. Since 
51 
2 
= MD,A 
we have = A-’ is necessarily 
The Moore-Penrose inverse of E 2(y) the form 
= MDM* 
by (4) seen to the matrix 
= MA-‘D+A-‘MT, 
_D’ is generalized inverse the diagonal D (the 
entry di D + zero if corresponding diagonal di of is zero, 
is d; ’ if di # 0). The rest is obvious. n 
THEOREM 2.5. The columns of the matrix M, together with the column 
vector e, constitute the complete system of eigenvectm-s of any of the matrices 
in _.z?( y). The corresponding eigenvalues of a matrix of the fMm (4) are the 
products of the diagonal entries of D with the corresponding diagonal entries 
of A, plus the zero eigenvalue. 
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